A phenomenological theory is developed for multicomponent diffusion, including thermal diffusion, in gas mixtures in which the components may have different temperatures. The theory is based on the hydrodynamic approach of Maxwell and Stefan, as extended and elaborated by Furry [1] and Williams [2] . The present development further extends these earlier treatments to multiple temperatures and multicomponent thermal diffusion. The resulting diffusion fluxes obey generalized Stefan-Maxwell relations which include the effects of ordinary, forced, pressure, and thermal diffusion. When thermal diffusion is neglected, these relations have the same form as the usual single-temperature ones, except that mole fractions are replaced by pressure fractions (i. e., ratios of partial pressures to total pressure). The binary and thermal diffusion coefficients are given in terms of collision integrals. Single-temperature systems and binary systems are treated as special cases of the general theory. A self-consistent effective binary diffusion approximation for multitemperature systems is presented.
Introduction and summary
The kinetic theory of gases provides an essentially exact description of multicomponent diffusion in gas mixtures, based on the Chapman-Enskog method for solving the Boltzmann equation [3] [4] [5] . This theory is notorious for its extreme complexity; its intricacies are esoteric if not arcane, and it is relatively inaccessible to nonspecialists. The results of the theory, however, are of much wider interest and applicability. It is therefore desirable to develop an elementary approach to multicomponent diffusion which is simpler, easier to work with, and yields essentially correct results with much less effort. One might naively hope that mean free path theories would suffice for this purpose, as they capture the The purpose of the present paper is to further extend the hydrodynamic theory by combining the following ingredients within a single unified framework: (a) accurate expressions for collisional rates of momentum exchange between components, equivalent to those used by Furry, (b) a full multicomponent formulation similar to that of Williams, and (c) a more detailed and complete treatment of thermal diffusion than that given by Furry. We thereby remove the main restrictions and limitations in the treatments of Furry and Williams to obtain a complete description of multicomponent diffusion in arbitrary gas mixtures, including thermal diffusion as well as forced and pressure diffusion.
To obtain still further generality, we allow the individual components in the mixture to have different temperatures. This generalization presents serious complications in the full kinetic theory [5, 8, 9] , but is straightforward in the hydrodynamic theory and does not significantly complicate the development. Of course, the resulting multitemperature description is useful only in situations where energy transfer between components is much slower than momentum transfer. This occurs when there are large disparities in particle masses between some or all of the components in the mixture. The classic example is a plasma, where the free electrons are much lighter than the other components. Energy exchange between free electrons and heavy particles is consequently inefficient, so that significant differences between electron and heavy-particle temperatures may persist for relatively long times [8] [9] [10] [11] . Similar but less dramatic temperature differences may also occur in mixtures of gases with very different molecular weights (e. g., H 2 and UF 6 ) if some mechanism exists for preferentially heating or cooling the different components. There may also be situations in which the multitemperature formulation provides a useful description of neutron diffusion.
The development proceeds along the following outline. Momentum equations for the different components of the mixture are presented in Section 2. The J. Non-Equilib. Thennodyn., Vol.18, 1993, No. 2 momentum exchange terms appearing in these equations are separated into frictional and thermophoretic parts containing appropriate phenomenological coefficients. These equations are then evaluated in the limit of large friction [12] , in which they reduce to generalized Stefan-Maxwell relations for the diffusion velocities. The diffusion coefficients in these relations are simply related to the phenomenological coefficients. When thermal diffusion is neglected, the multitemperature Stefan-Maxwell relations have the same form as the usual singletemperature ones, except that mole fractions are replaced by pressure fractions (i. e., ratios of partial pressures to total pressure). In Section 3, elementary kinetic theory arguments based on collision frequencies and the Maxwell-Boltzmann velocity distribution are used to evaluate the phenomenological coefficients. The multitemperature binary and thermal diffusion coefficients are thereby expressed in terms of collision integrals. These integrals turn out to be the same as their counterparts in single-temperature FOCE theory, evaluated at an effective temperature which is a weighted average of the relevant two component temperatures. The thermal diffusion coefficients are susceptible to a simple approximation in which they are very simply related to the binary diffusion coefficients.
The general results are specialized to single-temperature systems in Section 4, and to binary mixtures in Section 5. The former specialization leads to an approximate expression for the conventional thermal diffusion coefficients in a multicomponent system. This expression is the multicomponent generalization of Furry 's result for binary mixtures [1] , to which it becomes essentially equivalent in that special case. A multitemperature generalization of the selfconsistent effective binary diffusion approximation [13] , is presented in Section 6.
Momentum equations, exchange terms, and the diffusional limit
We consider an arbitrary multicomponent gas mixture in which the different components or species may possess different mean velocities and temperatures. The continuity equation for species i is simply
where Q t and u t are respectively the partial mass density and mean velocity of species i. The momentum equation for species é is (2) where/?,· is the partial pressure of species i, F { is the body force per unit mass acting on species /, F tJ = -F J{ is the mean force per unit volume of species y on species /, they summation extends over the Ν components in the mixture, and viscosity has been neglected. Attention is restricted to ideal gases, for which 1 24
where T { , M i5 and n { are respectively the temperature, molecular weight, and number density of species /, R g is the universal gas constant, and k B is Boltzmann's constant. The mass-weighted velocity of the mixture is given by where ñ = Σ ί ρ ί is the total mass density.
We shall presume that F u is a linear combination of the available vectors pertaining to species é andj, namely t , u p VT^ and FT}. It must also be invariant to Galilean transformations, and it is antisymmetric in (1,7) as already noted. The most general such expression is
where a £j -and tj are phenomenological coefficients characterizing factional and thermophoretic forces respectively, and a iy -= a^ . This form will be confirmed by simple kinetic theory considerations in Section 3.
We now consider the limit of large friction, in which we anticipate that diffusional behavior will result [12] . This limit may be formally accomplished by replacing OL tj by ay/å and taking the limit as â -» 0. In this limit Uj -u i = Ο (ε) and i = + Ο (å) for all /, so that equation (2) reduces to
where Du/ D t = du l dt + u · V u. The total momentum equation for the mixture is obtained by summing equation (6) over all species, with the result (7) where ρ = Σ ί ρ ί is the total pressure of the mixture. Combining equations (5) - (7) in such a way as to eliminate Du/Dt, we obtain
where (9) For the present we do not define thermal diffusion coefficients analogous to the conventional ones [3] , as this would introduce unnecessary algebraic complications. We simply regard and refer to the ί tj as thermal diffusion coefficients, albeit unconventional ones.
Equations (8) are generalized Stefan-Maxwell relations for the diffusion velocities. Only N -1 of them are linearly independent, as their sum over yields 0 = 0. They must therefore be combined with equation (4) to determine a unique solution for the u i in terms of the mass-weighted velocity u. The diffusional mass fluxes relative to ό are then given by
in terms of which equation (1) becomes (11) dt We note that when thermal diffusion is neglected (or F7J = 0 for all /), equations (8) have the same form as the usual single-temperature Stefan-Maxwell relations [3] , except that the mole fraction x i is replaced by the pressure fraction z t . The latter of course reduces to the former when all the component temperatures are equal.
Evaluation of the diffusion coefficients
We now proceed to evaluate the coefficients a fj -and ί tj using elementary kinetic theory arguments. For this purpose it is convenient to presume that ό = 0, so that the u i may be considered small in an absolute sense. This entails no loss of generality, as it merely implies the use of a reference frame moving with the local mass-averaged velocity of the mixture.
From a microscopic point of view, F tj represents momentum transfer between components due to molecular collisions. It may therefore be written as
where ^ is the mean momentum transfer per collision from a molecule of type j with velocity Uj to a molecule of type / with velocity u ., and dv tj is the number of collisions per unit volume per unit time between molecules of type with velocities between u i and u i + du t and molecules of typey with velocities between Uj and U + dUj. The mean momentum transfer per collision is given by 2 , where R k is the hard sphere radius of a molecule of type k.
The differential collision frequency is given by
where dn k is the number density for molecules of type k with velocities between u k and u k + du k . Clearly
where n k (= Q k lm k ) and f k (u^) are respectively the total number density and normalized velocity distribution for molecules of type k. The normalization is such that \dn k = n k , so that ^du k f k (u k ) = 1. Combining equations (12)- (15), we obtain
where u i and u } have been replaced by dummy integration variables u and u', v = u' -w, and υ = \ ν \ .
In order to proceed further it is necessary to specify the form of the velocity distributions f k (s), where s is a dummy velocity variable. For this purpose it is convenient to define a standard normalized Maxwellian distribution of the form yj)
which is normalized so that
ï where s = \s\. We now make the physically reasonable assumption that f k (s) in equation (16) is a normalized Maxwellian with mean velocity u k in which the temperature T k is evaluated at the point of last collision. As will be seen, the latter condition is needed to obtain nonzero values for the tj and hence nonzero thermal diffusion. Thus we write 
The corresponding linearization of f t (u)fj(u f ) is given by 
where
Note that the contribution of the zeroth-order term in equation (26) has vanished by symmetry, corresponding to the fact that there is no net momentum transfer when the diffusion velocities and temperature gradients vanish.
Combining equations (25) and (28), we obtain
where (30) (31)
These tensor coefficients must be isotropic ? since they contain no preferred directions. They may therefore be replaced by equivalent scalars, so that equation (29) becomes.
Η,^α^ + b^Vy,
We may express b tj in terms of a i} by using the fact that
. We thereby obtain where use has been made of equation (18) and the fact that Idwf 0 (w, y) w = 0.
Notice that a ij is symmetric in (1,7) , whereas £ y is not.
The integral in equation (38) can be expressed in terms of a standard first-order collision integral from kinetic theory. The relevant family of integrals is defined by [3] «,
where Τ is a dummy temperature variable. This reduces to (n + 1) ! a tj (k B T/S ðì ï ·) 1/2 for hard spheres [3] . The binary diffusion coefficients in single-temperature FOCE theory are simply related to ÙÖ (1, T). We see from equation (38) that the same integral occurs in the present context with μ ij |2k B T replaced by y tj . This correspondence makes it useful to define an effective temperature T tj for the pair (1,7) at the point r 0 by μ ij |2k B T tj = y ij9 which implies that
When T t = Tj= T, T tj reduces to Τ and y y reduces to μ ij /2k B T.
Equation (38) 
We can now relate the phenomenological coefficients <x tj and u to a tj and b^, and thereby to the collision integrals. Combining equations (20), (27), and (32) andcomparing the result to equation (5), we obtain
where use has been made of equations (41) and (44). Notice that tj = 0 if ô 7 -= 0, which shows that thermal diffusion would indeed vanish iff k (s) had been evaluated at the point r 0 rather than the point of last collision. Combining equations (3), (9), and (45), we obtain In the special case of equal component temperatures, equation (47) reduces to precisely the expression for D tj obtained from FOGE theory [3] . This agreement is not unexpected, as it was previously obtained by Furry [1] in the case of binary mixtures. It is nevertheless remarkable that the elementary theory predicts D tj to such high accuracy. The theory does not, however, provide thermal diffusion coefficients tj of comparable accuracy, for the simple reason that by involves an inherently approximate collision time whereas a tj does not.
Since the tj are inherently approximate in any case, it may be of interest to consider a further approximation in which they reduce to a considerably simpler form. This approximation consists in replacing u 2 in equation (34) In this approximation, therefore, tj is related to D tj in a direct and very simple way.
Single-temperature systems
Here we specialize the general results of the preceding sections to the case in which the individual component temperatures are all equal; i.e., 7] = Ã for all *'. This is of course the most common situation of interest. In this case the pressure fractions z { reduce to the mole fractions x i = njn (where η = Σ ί η ί is the total number density), and as previously noted the D tJ reduce to the usual singletemperature binary diffusivities. The Stefan-Maxwell relations of equation (8) Equation (49) is identical to the standard Stefan-Maxwell equations [3] , if we make the identification where the D% are the conventional multicomponent thermal diffusion coefficients for a single-temperature system [3] , which are constrained by Equations (50) and (51) constitute a simultaneous linear system of equations which determine the D^ in terms of the tj .
The solution of this system is greatly simplified when the tj are approximated by equation (48). Equation (50) 
which provides a remarkably simple approximation for the thermal diffusion coefficients in a multicomponent gas mixture.
Binary mixtures
In a binary mixture of components 1 and 2, equations (4), (8) , and (10) combine to yield
In the special case of equal temperatures (7^ = Ã 2 = J 7 ), z i reduces to x t = njn and equation (54) 
It is of interest to compare this result with that of Furry [1] , which he obtained by a somewhat different approach. Furry adopts a different sign convention, according to which his k T is the negative of ours. With this in mind, we find that our equation (59) This differs from the desired identification by only a factor of 4/ð = 1 .27, which is just the sort of discrepancy that one often encounters in simplified kinetic theories. The present theory is therefore in essential agreement with Furry in the special case of binary mixtures with equal temperatures.
Self-consistent effective binary diffusion approximation
The multicomponent Stefan-Maxwell relations of equation (8), together with equation (4), constitute a simultaneous linear system of equations for the diffusion velocities. Effective binary diffusion approximations are sometimes used to avoid solving this system. A self-consistent effective binary diffusion approximation for single-temperature gas mixtures was described in reference [13] . Here we generalize this approximation to the case of multiple component temperatures.
Let G t denote the entire right member of equation (8) . This equation then becomes identical in form to equation (1) of reference [13] , but with x i replaced by z t . With this replacement, the entire development of reference [13] may then be followed through with no further modifications. The resulting self-consistent approximation to the diffusion fluxes is where the effective binary diffusivities D t are given by Here the w t are weighting factors and w is their sum [13] . In the case of equal temperatures (i.e., T { = T for all /), z i reduces to x t , D {j and G t reduce to their single-temperature forms, p/R g T t reduces to the total molar concentration c, and equations (60) and (61) reduce to equations (16) and (15) of reference [13] , respectively. We remark that the self-consistent effective binary diffusion approximation becomes exact in a binary mixture, regardless of the choice of the weighting factors w t . The collision time τ ί is then simply the reciprocal of v i?
